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Abstract
We built randomly cross-linked model PDMS networks and used Molecular Dynamics Methods to
obtain stress-strain curves. Mooney-Rivlin (MR) analysis was used to estimate the shear moduli.
We applied Primitive Path analysis (PPA) and its variation, Phantom Primitive Path analysis (3PA),
to estimate the entanglement and the cross-link moduli, respectively. The MR moduli estimates
are in good agreement with the sum of the entanglement and the cross-link moduli, and we observe
that the stress-strain data collapse to a universal form when reduced with the PPA and 3PA mod-
uli. We studied how the MR parameters C1, C2 vary from cross-link to entanglement dominated
networks. For the latter, we observed a 40%, 60% contribution of 2C1, 2C2 to the shear modulus,
respectively. Finally, we fitted several models to the data. While all fits are good, the estimates for
the entanglement and the cross-link moduli vary significantly when compared to our PPA and 3PA
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benchmarks.
1 Introduction
Polymers are long chain-like molecules consisting of repeating chemical units. Cross-linking a
polymer melt leads to the formation of an amorphous solid, an elastomer. Elastomers are unique
due to their ability to reversibly sustain large deformations that can be up to several times their
undeformed size. Comprehensive knowledge of the mechanical properties of elastomers and deep
understanding of their microscopic origin are of great fundamental and practical importance.1,2
Elastomers represent, in essence, a single huge molecule, a polymer network, which consists of
topologically entangled polymer chains3 chemically connected by cross-links.4,5 The large number
of conformational degrees of freedom of the polymer chains gives rise to the enormous reversible
deformability of the elastomers and explains why their stress response is dominated by entropic
effects. Cross-links and topological entanglements localize thermal fluctuations. These two effects
are qualitatively different. Once two or more monomers are joined by a cross-link, their relative
motion is constrained. Polymer chains can not move through each other, the result is topological
entanglements. In melts, entanglements can slide freely along the chains, while in networks the
mobility of entanglements is restricted by the cross-links.6
Historically, the affine network model7–14 and the phantom network model15–19 were the first
attempt to describe rubbery materials with a microscopic statistical mechanical model. However,
numerous experimental results showed significant deviations from the predictions of these mod-
els.20 These deviations were due to additional topological constraints, entanglements, not captured
by these early models.3 In polymer melts, entanglements are solely responsible for the transient
elastic properties characterized by the melt plateau modulus. In networks, the entanglements are
permanently ”trapped” by cross-links and hence preserve their contribution to elastic properties,
i.e. the tube topology is frozen by cross-links. Numerous microscopic models for elasticity of
entangled polymer networks have been proposed, e.g., the non-affine tube model21 and the slip
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tube model22 of Rubinstein and Panyukov, the extended tube model23 of Kaliske and Heinrich,
the double tube model24 of Mergell and Everaers, the non-affine network model of Davidson and
Goulbourne25, and the general constitutive model of Xiang et al.26. These models have been
compared to experiment, see, e.g., Refs.27–31
The most well-known macroscopic phenomenological approach for the description of the me-
chanical behaviour of rubbery materials is the Mooney-Rivlin (MR) model.32–37 The MR model is
based on an empirical expression, relating the strain energy density and deformation tensor. It was
shown that the predictive power of the model was limited, and the model was only able to describe
uniaxial stretching.35 Moreover, the microscopic interpretation of the MR model parameters is not
clear38–40 and has been a topic for discussion in the literature for more than 50 years.41
Cross-linking is the process, by which a precursor melt is converted into a random network.
The result is rubber materials with varying elastic properties. However, their microscopic structure
remains largely unknown and uncontrolled. Hence, systematic investigations of structure-property
relations are faced with difficulties, since experimentally it is nearly impossible to accurately and
independently characterize the network structure of the studied samples. Furthermore, different
cross-linking chemistries give rise to different types of network defects such as chain scission and
dangling ends that acerbate the complexity of characterizing the network structure.40
Computer simulations and in particular Molecular Dynamics (MD) methods offer a useful
alternative to experiment for systematic investigations of structure-property relations. The greatest
advantages of computer modelling compared to experiments are its ability to ”look inside” the
material under study, to control the cross-linking process, and to comprehensively characterize the
resultant network structure as well as its topological state, for instance, by analyzing its strand
length and cross-link functionality distributions. Furthermore, ideal defect free models materials
can be made.
Reproducibility of simulation results hinges on the ability to produce well equilibrated precur-
sor melts. A polymer chain has the structure of an extended random walk, and many molecules
pervade the volume spanned by a single chain. Hard interactions between chains are required
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in computational polymer models to prevent chain from moving through each other. The aim
of equilibration is to produce well equilibrated model melts, where the statistics of each chain
is consistent with the desired polymer chemistry, and density fluctuations are absent due to the
melts incompressibility. Brute force relaxation of precursor melts of practical interest would re-
quire simulations exceeding what is possible with current hardware. However, recent advances in
melts equilibration techniques, see Refs.42–44, make it possible to generate well equilibrated, huge,
highly entangled model precursor melts for computational studies.
We generated well-equilibrated KG model precursor melts, having 500 chains with Nb = 10000
beads in each, following the approach described in Ref.42. The Kuhn number of the KG polymer
model was chosen to match PDMS.45 The ends of the precursor chains were initially bonded to
neighbouring beads to form an end-linked 3-functional network. Subsequent bonds were intro-
duced between random bead pairs to produce a predominantly 4-functional model polymer mate-
rials with various cross-link densities. The resulting model networks do not contain dangling ends,
since the long precursor chains are initially cross-linked. However, we observe that 13− 17% of
the strands form loops, which appear as the result of intramolecular cross-linking.46 This effect
would also occur in real materials.
The resulting model materials were uniaxially stretched. We estimate the elastic moduli of
model PDMS networks by two approaches: analysis of the simulation stress-strain curves within
the scope of the MR empirical model and static structural Primitive Path methods. Elastic moduli
can be estimated from simulation stress-strain data, however, such simulations are expensive due
to the very long relaxation times of polymer materials. We invested in excess of 200 core years
of computer time in estimation of the equlibrium stresses. The resulting stress-strain curves were
analyzed within the scope of the MR model to estimate the parameters C1, C2 and, consequently, to
obtain the shear modulus G. Static analysis methods such as Primitive Path Analysis (PPA)47 and
Phantom Primitive Path Analysis (3PA)48 allows us to independently estimate the entanglement
modulus GE of the precursor network and the cross-links moduli GX of the networks, respectively.
To provide a microscopic interpretation of the empirical MR coefficients, we made Langley
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plots of C1, C2 and also studied the cross-link and entanglement modulus contributions to the shear
modulus. Using the entanglement and the cross-link shear moduli, we were also able to reduce
our stress-strain data to a single universal curve. We fitted the non-affine tube model21, the slip
tube model22, the extended tube model23, the double tube model24, the non-affine network model
of Davidson and Goulbourne25 and the general constitutive model of Xiang26 to the simulation
data, and compared obtained the cross-link and the entanglement moduli to those independently
obtained by the Primitive Path methods. This provides a computational calibration standard of
these parameters, which is useful when interpreting fits to experimental results where the cross-
link and the entanglement moduli are not independently available.
The paper is organized as follows. Sect. 2 summarizes theoretical background used for the
interpretation and the analysis of our KG model simulation results. In Sect. 3, we explain how
we build the model networks, characterize them, set up the MD simulations, and describe the
PPA techniques. Results are summarized and discussed in Sect. 4. In Sect. 5, we present our
conclusions.
2 Theoretical models
The present section contains the necessary theoretical background. We begin with the introduction
of the unified Kuhn notation for description of polymers [Sect. 2.1]. Next we present the macro-
scopic Mooney-Rivlin model of incompressible hyperelastic solids [Sect. 2.2] and continue with
microscopic models for polymer elasticity [Sect. 2.3].
2.1 Kuhn model
In this section, we summarize the Kuhn approach for the description of polymers.49 Kuhn’s semi-
nal insight was the idea to map a polymer chain to an equivalent freely jointed chain model (FJC),
matching the contour length and end-to-end distance of the polymer chain.50
The static configuration of a single polymer molecule can be characterized by its contour length
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L and mean-square end-to-end distance
〈
R2
〉
. The equivalent Kuhn model chain consists of NK
Kuhn segments of length lK , which is denoted as the Kuhn length. The values of NK and lK are
chosen to match the mean-square end-to-end distance and the contour length of the molecule,
hence, L = lK NK ,
〈
R2
〉
= l2K NK , therefore, one obtains lK =
〈
R2
〉
/L for the Kuhn length and
NK = L2/
〈
R2
〉
for the number of Kuhn segments. We assume chains are long enough, so that
finite-chain length effects can be neglected. The molar mass of a Kuhn segment is MK = Mc/NK
where Mc denotes the molar mass of the whole polymer molecule.
To describe the static properties of a system of many interpenetrating long polymer molecules,
we introduce the number density of Kuhn segments ρK = ρc NK , where ρc is the number density
of chains. The volume spanned by a single chain is V =
〈
R2
〉3/2
= l3K N
3/2
K . The degree of chain
interpenetration is described by the Flory number, nF = ρcV , which estimates the number of neigh-
bors a single chain can interact with.51 The Flory number can be expressed in Kuhn parameters
as nF = ρK l3K N
1/2
K . While the chain length NK varies from melt to melt, the prefactor nK = ρKl
3
K
called the Kuhn number plays the role of dimensionless density and depends only on the specific
polymer chemistry.
The characteristic time scales for the dynamics of a single polymer molecule are obtained
from the Rouse model.52 The dynamics of a Kuhn segment can be characterized by a friction
ζK or, equivalently, by the Kuhn time τK ∼ l2K/DK ∼ l2K ζK/(kB T ), which is the time it takes a
Kuhn segment to diffuse a Kuhn length lK , where DK = kB T/ζK is the Kuhn segment diffusion
constant, kB is the Boltzmann constant, and T is temperature. The dynamics of a whole chain can
be characterized by the Rouse time τR ∼
〈
R2
〉
/Dc ∼ l2K N2K ζK/(kB T ), which is the time required
for a chain to diffuse its own size, where Dc = kB T/(NK ζK) is the chain diffusion coefficient.
Consequently, the Rouse and Kuhn times are related as τR = τK N2K .
The major advantage of the Kuhn description of polymer physics is that the universal properties
(dominated by conformational entropy) become apparent. For a melt, the emergent macroscopic
properties such as the relaxation time scales, chain size, time dependent shear modulus and the
viscosity depend only on two dimensionless parameters, the Kuhn number nK and the number of
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Kuhn segments per chain NK , i.e. chain length of the precursor melt, in addition to the dimensional
parameters of the Kuhn length lK , Kuhn time τK and the energy kB T .45 For model networks, the
number of Kuhn segments between cross-links NXK , which denotes the average strand length in
the rest of the paper, replaces melt chain length as a parameter. This is due to the fact that the chain
length of the precursor melt (Nb = 10000 beads) is so large that it is irrelevant for the determination
of the strand length distribution of the network. If the networks were formed by shorter end-
linking chains or from a bimodal precursor melt, then additional dimensionless parameters could
be required to characterize the strand length distribution.
2.2 Mooney-Rivlin material model
The empirical Mooney-Rivlin model (MR)32–37 for incompressible hyperelastic material is often
used for the analysis of the experimental stress-strain data and elastic moduli estimation of rubbery
polymers. The model relates the strain energy density function W stored by an incompressible solid
and its deformation as:
W(Φ) = C1 (I1(Φ)−3)+C2 (I2(Φ)−3) , (1)
where C1, C2 are the material constants, I1(Φ) = TrΦ, I2(Φ) =
(
(TrΦ)2−Tr(Φ2))/2 are the
1st and the 2nd invariants of the Finger tensorΦ= E ·ET , respectively, E =
(
0
∇ R
)T
is the defor-
mation gradient tensor and R is a coordinate vector of a material point in the actual configuration.
The operator
0
∇ indicates that differentiation is performed with respect to coordinates of a material
point in the reference configuration.
The MR parameters C1, C2 are related to the shear modulus G as:
GMR = 2 (C1+C2) . (2)
Let us consider uniaxial deformation of a solid along Ox axis by a factor λ , then the normal
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tension σN is given by:
σN ≡ σxx− σyy+σzz2 = 2
(
C1+C2λ−1
) (
λ 2−λ−1) , (3)
here σxx, σyy and σzz are the diagonal components of the Cauchy stress tensor σ:
σ =
∂W
∂E
·ET −PI ,
where P is pressure, I is the unit tensor. For analysis and convenient representation of experimental
results, the reduced normal tension σ˜N is defined as:
σ˜N(λ )≡ σNλ 2−λ−1 = 2
(
C1+C2λ−1
)
, (4)
hence, the MR model postulates a linear dependency of σ˜N on the inverse elongation λ−1.
It was shown that the MR model provided a good description of experiments on uniaxial
stretching of rubbery materials, whereas it failed to describe other deformation modes nor did
it correctly describe the materials stress response at large deformations.20,27,53
2.3 Microscopic models of polymer elasticity
The MR model is empirical, hence the model parameters C1, C2 do not a priori have a physical
interpretation. To identify them, one would have to elucidate their microscopic origin, e.g. relate
them to the cross-link and the entanglement moduli GX , GE of rubber model materials.39,40 Here,
we denote GX as the phantom modulus of the network and GE as the entanglement modulus of the
precursor melt.
The first microscopic theories of polymer elasticity incorporated only the contribution from
network connectivity. The affine network model7–14 assumes that all strands are monodisperse
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and pinned to an affinely deforming background. The model predicts the cross-link modulus as:
Ga f fX ≡
σN
λ 2−λ−1 =
ρK kB T
NXK
, (5)
where NXK is the number of Kuhn segments per network strand. On the other hand, within the
scope of the phantom network model15–19 the thermal fluctuations of the network junctions are not
constrained rigidly. For the cross-link modulus the following relation was derived:19,54,55
GphX =
(
ρgoodS −ρgoodX
)
kB T , (6)
where ρgoodS , ρ
good
X are the densities of ”good” strands and cross-links, respectively. During cross-
linking, network defects such as dangling ends and loops are created. They do not carry stress
upon macroscopic deformation, hence, do not contribute to the elastic properties of the cross-
linked material. ”Bad” strands are only connected to the network by one end, and as such can not
carry a load. Loops are formed when two monomers belonging to the same polymer chain are
cross-linked. Most such loops are short and do not capture entanglements with other chains.
In the case where all the junctions are assumed to have the same functionality f and the network
strands are assumed to be monodisperse with the length NXK , the phantom network model Eq. (6)
predicts the phantom modulus as:
GphX =
(
1− 2
f
)
ρK kB T
NXK
. (7)
The prefactor 1− 2/ f was interpreted as being due to the fact that the strand ends are not
directly pinned to the deforming background as in the affine network model, but rather via an
infinite Cayley tree of monodisperse strands and f -functional junctions.21,55 Refinements of this
approximation, including the effects of loops, have been recently proposed in Refs.56–59.
The effect of topological entanglements can be accounted for in multiple ways, and the tube
model, introduced in Refs.3,4, is the most successful. The idea is that thermal fluctuations of
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the network chains are restricted in space not only by the cross-links, but also by entanglements.
Numerous approaches have been proposed21–26,55,60 , and below we present several models, which
contain the cross-link and the entanglement moduli GX , GE as parameters. In addition, we point
out the relations of GX , GE to the MR model parameters C1, C2. The expressions below for the
reduced normal tension σ˜N correspond to the uniaxial deformation.
In the Warner-Edwards tube model, it is assumed that the tube moves affinely with the imposed
deformation, while its diameter is strain independent.5,61 The resulting stress-strain relation is the
same as in the phantom network model, hence, the Warner-Edwards tube model predicts that both
the cross-link and the entanglement moduli GX , GE contribute only to C1 MR model parameter,
whereas C2 remains equal to zero.24
The non-affine tube model of Rubinstein and Panyukov21 represents the confinement potential
due to entanglements as an additional set of harmonic virtual chains, acting along the real network
chains. These virtual chains connect the strand ends to the nonfluctuating elastic background. The
spring constant of the virtual chains, which determines the strength of the confinement potential,
is supposed to be deformation dependent in such the way that the fluctuations of the virtual strands
change affinely with the network deformation. The main result of the model is that the diameter of
the confining tube deformes non-affinely as dµ ∼ λ 1/2µ , µ = x, y, z, where dµ is the tube diameter
along the coordinate axis µ . For the reduced normal tension, the non-affine tube model predicts:
σ˜N(λ ) = GX +
GE
λ −λ 1/2+1 , (8)
where GX is related to the cross-links modulus and GE is related to the entanglement modulus.
Expanding Eqs. (8) and ( 4) at low strains ε , where ε = λ −1, one obtains the following relations
between the MR model parameters C1, C2 and microscopic moduli GX , GE :
2C1 = GX +0.5GE , 2C2 = 0.5GE . (9)
The slip tube model22 refines the non-affine tube model21 of Rubinstein and Panyukov. The
11
attachment junctions between the virtual chains and the network strands are replaced by the slip
links, which are allowed to slide along the network chains, but not to pass through each other.
Consequently, the chain can redistribute its contour length along the tube upon the network defor-
mation. Within the scope of the slip tube model, the reduced normal tension is given by:
σ˜N(λ ) = GX +
GE
0.74λ +0.61λ−1/2−0.35 , (10)
and the MR model parameters are identified as:
2C1 = GX +0.565GE , 2C2 = 0.435GE . (11)
The double tube model24 postulates that the ends of the confinement springs of the confine-
ment potentials deform affinely, while the localization strength is assumed to be sub-affine for the
entanglement confinement springs and strain-independent for the cross-link confinement springs.
The reduced normal tension within the scope of the double tube model can be expressed as:
σ˜N(λ ) =
λ 2−1
λ 2−λ−1
G2X +2
(
GE
λ
)2
√
G2X +4
(
GE
λ
)2 + 1−λ−1λ 2−λ−1 G2X +2G2E λ√G2X +4G2E λ , (12)
and the MR model parameters are related to GX , GE as:24
2C1 =
G4X +6G
2
X G
2
E +4G
4
E(
G2X +4G
2
E
)3/2 , 2C2 = 4G4E(G2X +4G2E)3/2 , (13)
and we note that both the cross-link and the entanglement moduli GX , GE contribute to both MR
model parameters C1, C2 and that the network modulus is not just a simple sum GX +GE .
The models presented above are all based on Gaussian distribution for chain configurations:
P(NK, R) ∝ exp
(
− 3R
2
2NK l2K
)
, (14)
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where R is the absolute value of the chain end-to-end vector, NK is number of Kuhn segments in the
chain, lK is the Kuhn length defined in Sect. 2.1. At large deformations, when a polymer molecule
is stretched up to its contour length (R ∼ NK lK), this approximation is not reliable as it does not
capture the finite extensibility of a polymer molecule. The models presented below are based on
more realistic approximations, which take finite chain length effects into account.
The extended tube model developed by Kaliske and Heinrich23 is essentially a more detailed
version of the non-affine tube model21. The authors modified the Gaussian distribution by intro-
ducing a singularity as proposed in Ref.60. The singularity is controlled by the finite extensibility
parameter δ ≡
〈
(∂R(s)/∂ s)2
〉
, where R is the end-to-end vector of the network chain, and s is the
contour coordinate. By construction, the choice δ = 0 neglects finite extensibility effects. The tube
diameter is supposed to depend on strain as dµ ∼ λα βµ , µ = x ,y ,z, where α = 1/2 as in the non-
affine tube model, β ∈ (0; 1) is taken as an empirical fit parameter, which is interpreted as indicat-
ing the completeness of the cross-linking reaction. The relaxation of the dangling ends is assumed
to affect the effective strain dependency of the tube diameter making it more isotropic (β → 0).
The value β ≈ 1 corresponds to a defect free network.23 The reduced normal tension was derived
as:
σ˜N(λ ) = GX +GE ϕ (λ ) , (15)
where
ϕ (λ ) =
2
β
λβ/2−λ−β
(λ 2−λ−1) g(D ,δ ) ,
g(D ,δ ) =
1−δ 2
(1−δ 2 (D−3))2
− δ
2
1−δ 2 (D−3) ,
and D = λ 2+2λ−1. Consequently, the MR model parameters are found as:
2C1 = GX +GE
2−β
4−8δ 2 , 2C2 = GE
2+β
4−8δ 2 . (16)
In particular case, when finite extensibility effects are neglected, δ = 0, and β = 0, Eq. (16)
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reduce to Eq. (9). On the other hand, if β = 1, then Eq. (16) reduces to 2C1 = GX + 0.25GE ,
2C2 = 0.75GE .
The non-affine network model of Davidson and Goulbourne25 generalizes the phantom net-
work model and combines it with the non-affine tube model of Rubinstein and Panyukov.21 The
authors repeated the derivation of Eq. (7) as in Ref.22, but for statistics of the effective strands they
used the exact solution of the freely jointed chain model derived in Ref.8:
P(N, R) ∝ exp
−
R
lK
L −1
(
R
NK lK
)
−NK ln
 L
−1
(
R
NK lK
)
sinh
(
L −1
(
R
NK lK
))

 , (17)
and used a Pade´ approximant62 for the inverse Langevin function L −1 (x) = coth(x)− 1/x. For
the reduced normal tension, they obtained:
σ˜N(λ ) = GX
λ 2+2λ−1−9λ 2max
3 (λ 2+2λ−1−3λ 2max)
+GE
λ −λ−1−λ−1/2+λ 1/2
λ 2−λ−1 , (18)
where λmax is the maximum stretch. The MR model parameters are expressed as:
2C1 = GX
1−3λ 2max
3 (1−λ 2max)
+0.5GE , 2C2 = 0.5GE . (19)
When finite extensibility of the network chains is not taken into account, Eq. (19) reduces to
the non-affine tube model Eq. (9).
Xiang et al.26 combined a generalized version of the affine network model Eq. (5) with the
tube deformation hypotheses of Heinrich and Straube63 and the three-chain model15 to derive
their generalized constitutive model. Generalization of the affine network model is based on the
freely jointed chain distribution (Eq. 17) with an approximation for the inverse Langevin function
due to Kro¨ger.64. Within the scope of Xiang et al. model, the reduced normal tension at uniaxial
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deformation has the following form:
σ˜N(λ ) = GX
[(
1− I1
3NXK
) (
1+
1
2
I1
3NXK
)]−1
+2GE
λ 1/2−λ−1
λ 2−λ−1 , (20)
where I1 = λ 2 + 2λ−1 is the 1st invariant of the Finger deformation tensor, NXK is the network
strand length, and the MR coefficients are derived as:
2C1 = GX
2N2XK
2N2XK−NXK−1
+
1
4
GE , 2C2 =
3
4
GE . (21)
Here, we redefined the entanglement modulus GE by including a prefactor of 2 compared to
the original paper, so that the sum 2C1+2C2 gives the full contribution from entanglement effects
GX +GE . When finite extensibility of the network chains is not taken into account, the expression
for the reduced normal tension (20) reduces to the extended tube model Eq. (15) with β = 1, δ = 0.
Hence, to summarize, the classical affine and phantom models, which neglect entanglements,
correspond to the MR model with 2C1 = GX , 2C2 = 0. This also applies to the Warner-Edwards
tube model, which has a strain independent tube diameter. The tube models with strain dependent
tube diameters put the cross-link modulus entirely into the C1 parameter and split the entanglement
effects between C1 and C2. Among all the models, only the slip tube model accounts for the chain
contour length redistribution between parallel and perpendicular tube sections upon deformation.
The non-affine tube model, the slip tube model, and the double tube model assume Gaussian chain
statistics and neglect finite extensibility effects. The extended tube model of Kaliske and Heinrich,
the non-affine network model of Davidson and Goulbourne, and the general constitutive model
of Xiang et al. take finite extensibility into account using various approaches to describe non-
Gaussian chain statistics at the expense of introduction additional model parameters. It is worth
noting that the estimates for the shear modulus provided by extended tube model, the non-affine
network model and the general constitutive model depend on their finite extensibility parameters.
All models except the double tube assume additivity of network connectiviy and the entanglement
effects.
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3 Methods
In this section, we briefly introduce the Kremer-Grest (KG) polymer model [Sect. 3.1] and map-
ping relations between the KG model, the Kuhn representation and PDMS [Sect. 3.2], describe
our procedure for generating model polymer networks from an equilibrated precursor melt and
characterize their microscopic structure [Sect. 3.3], present our protocol for the model networks
deformation and describe the results postprocessing [Sect. 3.4]. In Sect. 3.5, Sect. 3.6 we introduce
the Primitive Path Analysis (PPA) and the Phantom Primitive Path Analysis (3PA), respectively.
3.1 Kremer-Grest model
To study structure-property relations for PDMS rubbers, we utilize the KG model in combination
with an angular potential. Within the scope of the generic Kremer-Grest model (KG)65,66 polymers
are represented as linear bead-spring chains. Pair interactions between beads are described by the
Weeks-Chandler-Anderson (WCA) potential:
UWCA(r) = 4ε
[(σ
r
)12
−
(σ
r
)6
+
1
4
]
, r < σ 6
√
2 , (22)
and the interactions of bonded beads are described by the FENE potential:
UFENE(r) =−12 k R0 ln
[
1−
(
r
R0
)2]
, (23)
where ε is energy scale, σ is chosen as the simulation unit of length. The standard choice for the
spring constant is k = 30εσ−2, R0 is set to 1.5σ , which leads to average bond length lb = 0.965σ .
The simulation unit of time is defined as τ =
√
mσ2/ε , where m denotes the mass of a bead which
we choose as our simulation mass scale.
The KG model is a generic polymer model. To adapt it to specific chemical polymer species45,67,
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we introduce an additional bending interaction:
Ubend(θ) = κε (1− cosθ) , (24)
where κ is the stiffness constant. The angular potential (24) was introduced in Ref.67. For a
discussion of the choice of the stiffness constant, see Sect. 3.2.
The dynamics of the KG model is governed by the Langevin equation:
m
∂Rn
∂ t2
=−∇RnU−Γ
∂Rn
∂ t
+ξn , (25)
where Rn is the position on n-th bead, U is interaction potential. The bead friction Γ is set to
0.5mτ−1. The stochastic force terms ξn obey statstics 〈ξn〉= 0 and 〈ξm(t)⊗ξn(t ′)〉= 6kB T Γ/∆t δmn δ (t−
t ′)I, where I is the unit tensor and ∆t is the time step. The Langevin equation was integrated with
time step 0.01τ using the GJ-F Langevin integrator68, which is a Verlet-type algorithm69,70, im-
plemented in LAMMPS.71
3.2 Mapping of units for PDMS-KG
By its nature, the KG model does not correspond to any specific of chemical polymer. The in-
troduction of the bending potential Eq. (24) allows one to tune the Kuhn number nK(κ) of a KG
model to match the Kuhn number of any desired polymer.45,72 For instance, to match PDMS,
which has nK = 2.82, one has to choose the bending constant κ = 0.013,45 which is nearly iden-
tical to the standard KG model. This particular KG model we denote PDMS-KG model. It has a
Kuhn length of lK = 1.853σ ,73 which is identified with the experimental value lK = 11.42 A˚.74
Hence, 1σ = 6.17 A˚. The PDMS-KG model also has C∞ = 1.921 beads per Kuhn segment, and
the mass of a Kuhn segment MK =C∞mb expressed in KG units is identified with the molar mass
MK = 309.28 g/mol of a PDMS Kuhn segment. Consequently, mb =MK/C∞ = 160.99 g/mol. The
entanglement time of PDMS-KG model τE = 8500τ 73 is identified with the experimental entan-
glement time of PDMS τE = 0.11µs.75 Therefore, 1τ = 0.013 ns. Finally, the energy scale ε of
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the KG model is identifed with kB T , where T denotes the temperature at which the experimen-
tal reference system is characterized. Therefore, the energy density conversion for PDMS-KG is
obtained as 1ε σ−3 = 17.6MPa,45 which we use to convert PDMS-KG stress data to SI units. Fol-
lowing these relations, results expressed in simulation units of the KG model with PDMS stiffness
can be converted into PDMS specific SI or Kuhn units.45 For KG models of other polymers and
their mapping relations, see Refs.45,72.
Note, that it is not necessary to match independently, for instance, the entanglement length of
the KG model with the entanglement length of PDMS, as these structural properties emerge au-
tomatically as a result of the proper choice of the Kuhn number due to universality.45 According
to the packing argument,76,77 NEK = α2/n2K , where α = 19.0± 278,79 is the number of entangle-
ment strands in an entanglement volume. Moreover, in dimensionless Kuhn form, one can write
GE l3K/(kB T ) = nK/NEK = n
3
K/α
2. Hence, our PDMS-KG model with Kuhn number nK = 2.82
automatically reproduces the emergent entanglement related properties of PDMS melts. The model
has an entanglement strand length NEK = 33.1, which is in excellent agreement with the experi-
mental value of 31.3,45, hence, the model is expected to accurately reproduce the entanglement
modulus of PDMS melts.
3.3 Generation and characterization of model networks
To build model polymer networks, we start from the melt generation procedure of Svaneborg et
al.42 The approach allows one to generate large equilibrated polymer melts in a computationally
effective way. Briefly, a polymer melt is generated as a random walk on a cubic lattice. As lattice
parameter we choose the tube diameter of the polymer. Multiple chains (α = 19) are allowed to oc-
cupy the same site in the lattice. A Monte-Carlo simulated annealing algorithm is used to minimize
large scale density fluctuations. This results in equilibration of melt configuration above the tube
scale. Next, the lattice melt conformation is transformed into a bead-spring conformation, and we
simulate a Rouse dynamics with a force-capped WCA potential and a stiffness tuned to reproduce
the target Kuhn length. This introduces the desired random walk chain structure below the tube
18
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Figure 1: Microscopic characterization of model networks. A: Distribution of network strand lengths. Dashed lines
correspond to empirical relation (26) written for each model network. B: Distribution of loops normalized by the
number of cross-links in the model network. The black line indicate the power law x−3/2. C: Distribution of cross-link
functionalities.
scale, while preventing the growth of density fluctuations. Finally, the local bead packing structure
is equilibrated via a short simulation with the full KG force field. Following the procedure, we
generated an equilibrated KG polymer melt model, comprising of 500 chains with 10000 beads
each, corresponding to about Z = 85 entanglements per chain and systems with 5 million beads.
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For comparison, recently in Ref.80, Hsu et al. generated systems with a size of 2 million beads.
Earlier, in Sect. 3.2 we presented the PDMS-KG model and its mapping relations. The present
results are generated for KG melts with a slightly larger bending stiffness κ = 0.206 (nK = 3.0).
We started these simulations based on a preliminary version of the analysis in Ref.45 and continued
to use the same stiffness for the sake of consistency. The corresponding error is estimated to be
≈ 8% for the Kuhn number, ≈ 4% for the Kuhn length, ≈ 15% for the entanglement length, and
≈ 12% for the energy density. These errors are comparable to the experimental error of the Kuhn
number, on which the mapping relations are based. Hence, we continue to use the PDMS-KG
mapping relations presented in Sect. 3.2 for the present results.
Cross-linking was initiated by first connecting chain ends to the closest neighbouring beads in
the precursor melt to avoid dangling ends. Afterwards, random bead pairs within a distance 1.3σ
were linked by a FENE bond if they were not already connected. Following the procedure, we
generated a set of the PDMS-KG model networks, ranging from weakly to strongly cross-linked,
characterized by average network strand length values 〈NXK〉 equal to 100, 75, 50, 35, 20, 10 and
number of additional FENE bonds from 1000 to 130000. For the end-linked network, we expect
entanglement effects to dominate over the network connectivity as there are 〈NXK〉/NEK = 56
entanglements per network strand, where for the present model the entanglement strand length
NEK ≈ 33.1.73. For the most strongly cross-linked system, NEK/〈NXK〉 = 3.7, hence, we have
approximately 4 cross-links per entanglement strand. The value 〈NXK〉 = 35 ≈ NEK is of special
interest as contributions from the network connectivity and the entanglement effect to the shear
modulus are expected to be comparable. We repeated the cross-linking process several times from
different random initial seeds and verified that the systems were large enough to be self-averaging,
hence, we expect our results to be reproducible and report results only for one of the networks.
To analyse the network structure, we coarse-grain the beads and bonds into strands and cross-
links. We start by identifying beads based on their functionality: an end bead has a single bond,
an internal bead has two bonds, and a cross-link bead has 3 or more bonds. Then, we identified
network strands as connected chains of internal beads, and network cross-links as clusters of inter-
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connected cross-link beads. The functionality of a cross-link is the number of strands that emanate
from it.
Afterwards, we proceeded to analyze the network structure in terms of good or defect strands
and cross-links. Defect cross-links have 1 or less good strands connected to them, since two good
strands are required for a cross-link to carry a load. A strand is a defect if it is a loop (starts and
terminates at the same cross-link) or if at least one strand end is an end bead or a defect cross-link,
since such strands can not carry a load either. We apply this algorithm repeatedly until no new
defects were identified.
In Fig. 1, we present a characterization of the generated networks. The plot in Fig. 1A indicates
the exponential distribution of network strand lengths NXK expressed as the number of Kuhn units
between cross-links with pre-defined average 〈NXK〉:
P(NXK) =
1
〈NXK〉 exp
(
− NXK〈NXK〉
)
. (26)
Relative number of strands Ns(NXK)/Ns, having specific length NXK in Kuhn units, where Ns
is the total number of strands, is shown as a function of NXK . Average values of network strand
lenghts 〈NXK〉, shown in the legend, are calculated based on the network analysis. The value
〈NXK〉 ≈ 1850, obtained for the end-linked melt, differs from the chain length 10,000 beads. This
is due to the effect that chain ends are connected to a random bead in their neighbourhood, which
is most likely an internal bead in another chain.
The plot in Fig. 1B shows the histogram of the loop sizes. Note that loops here refer to those
strands, which start and terminate at the same cross-link. Intramolecular cross-links can pinch off
a section of a chain, thus forming a loop.46 The loop distributions were normalized by the number
of cross-links added beyond the percolation threshold. We observe an excellent collapse of the
distributions from different networks. The distributions are characterized by the −3/2 exponent
expected from random walk theory.81 The total number of loops is about 13−17% of the number
of strands, which is consistent with Refs.46,48. Since most of the loops are much smaller than
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the entanglement length, they do not thread other strands and hence do not contribute additional
entanglements.
The plot in Fig. 1C shows the distribution of cross-link functionalities. We observe that the
vast majority of cross-links are 4-functional, we also observe cross-links with higher functionality.
These are created, when adjacent beads along a chain are chosen for creating random bonds with
neighboring chains, thus effectively forming a cross-link cluster with higher functionality. For the
end-linked model network, most of the initial cross-links are three functional since in this case most
ends are bonded to an internal bead in a neighboring chain. We emphasize that the model network
statistics is observed to be the same for multiple runs of the cross-linking procedure, which is due
to the fact that our system sizes are large enough to be effectively self-averaging.
3.4 Network deformation
Deformation simulations of the networks were carried out in two stages. At first, model networks
were stretched uniaxially, preserving volume. Subsequently, we simulated the networks at constant
strain to relax the stress. During the deformation, the (engineering) strain rate ε˙ was chosen large
enough to save computer time and minimize relaxation effects and, secondly, small enough to avoid
breaking bonds. We used ε˙ = 0.01τ−1 (in LJ units, see Sect. 3.1), which corresponds to the inverse
Rouse time for a network strand of ≈ 4 Kuhn segments (≈ 8 beads), occupying a spatial distance
≈ 4σ . Hence, only short strand segments are in quasi-equilibrium upon deformation, whereas for
long strand segments affine deformation response is expected. Simulations were terminated, if a
bond reached length of 1.4σ . For KG melts and networks in the unstrained state the topological
state is preserved since there is a potential barrier of ∼ 75kB T for chains to move through each
other.82 As bonds are stretched as a result of the network deformation, this potential barrier is
progressively reduced. We estimate that the potential barrier has dropped to ∼ 30kB T for a bond
with length 1.4σ , see Ref.83. Continuing the simulations beyond this point leads to spurious results
as we can not be sure that entanglements are preserved.
Relaxation in elastomers has two characteristic time scales. The Rouse time τR ∼ N2XK is the
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Figure 2: A: Relaxation of the reduced stress of the networks at λ = 1.8. Inset shows first 2τrlx of the relaxation. B:
Relaxation of the network model NXK = 35 at different deformation states plotted vs. the inverse time. The data are
binned, and the bin averages and fluctuations are indicated.
time it takes for a network strand of length NXK to relax. The entanglement time τE ∼ N2EK is the
time scale, at which the dynamics of a bead starts being affected by entanglements. Due to the
exponential strand length distribution, we expect a wide spectrum of relaxation times. We sup-
posed that the relaxation dynamics of highly cross-linked networks, NXK < NEK , was dominated
by the Rouse time of short network strands, whereas the dynamics of loosely cross-linked net-
works, NXK > NEK , is dominated by the entanglement time. Hence, the characteristic relaxation
time τrlx of a model network was estimated as the minimum between the entanglement time τE and
the Rouse time τR for average network strand length. Stress relaxation was sampled for 10–11τrlx.
Fig. 2A shows the relaxation of the reduced stresses σ˜N of the model networks plotted versus
simulation time t, which is scaled by the relaxation time τrlx. As clearly seen, most stress relaxation
occurs for t < τrlx [see inset in Fig. 2A] and the subsequent dynamics is very slow. In addition,
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the relaxation curves in logarithmic representation are parallel and approximately linear over more
than a decade. This suggests an initial powerlaw-like decay as expected from the Rouse model.
Moreover, relaxation curves corresponding to the networks with NXK ≥ 35 collapse (the inset plot).
This justifies our assumption of the network dependence of the characteristic relaxation times. As
expected the shear moduli are ordered by the degree of cross-linking.
Fig. 2B shows relaxation of the reduced normal tension of multiple deformed states of the
model network NXK = 35 as a function of the inverse time, starting from t = 3τrlx. In Fig. 2A,
the stresses appear to be in equilibrium. However, Fig. 2B clearly shows that the stresses have
not reached equilibrium for any deformation, and slow relaxation process is observed even after
10τrlx. To estimate the equilibrium reduced normal tension, we extrapolated the relaxation curves
towards t−1→ 0, i.e. to t→∞. As a fitting function a linear function a+bt−1 was used. Due to the
representation of the data as a function of the inverse time, the density of the data in the vicinity of
(t/τrlx)−1 = 0 is much higher than in the vicinity of (t/τrlx)−1 = 0.33. Hence, the data was binned
as a function of inverse time prior to fitting to correct for this. When fitting, the data within each
bin was weighted by the bin variance. We observed that the relative error could be up to 7% too
high, if one uses the time averaged stresses for t > 3τrlx as an estimate of the equilibrium stress
rather than the present extrapolation.
3.5 PPA: Primitive Path Analysis
Tube models for polymer viscoelasticity are based on the idea that thermal fluctuations of chains
are localized by entanglement constraints with neighbouring chains.84 The central axis of the con-
finement tube is called primitive path. Tube models inspired the so called Primitive Path Anal-
ysis (PPA).47 The analysis allows one to obtain the primitive path mesh, and in particular their
average contour length Lpp. Based on Lpp, one can easily estimate the average entanglement
strand length NEK as
L2c
L2pp
, where Lc is the original chain contour length, and, consequently, obtain
the entanglement modulus:
GE =
ρK kB T
NEK
. (27)
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AB
Figure 3: Visualization of a thin slab of the precursor melt PPA mesh( A) and corresponding chain conformations of
the model network 〈NXK〉 = 35 (B). Colors indicate precursor chains and in the network cross-links are represented
by black bonds.
Implementation of the PPA within the scope of the MD simulations is comprehensively de-
scribed in Refs.47,82 : chain ends are pinned in space, intramolecular pair interactions are switched
off, intermolecular pair interactions are kept to prevent chains passing through each other, bonds
are modelled as FENE springs with an arbitrary spring constant k, and melt is cooled down to
T = 0 to eliminate thermal fluctuations. Visualization of the precursor melt PPA mesh is shown in
Fig. 3A, for comparison, we also show a network Fig. 3B to illustrate the real chain structure.
We identify the result of the PPA analysis with the entanglement modulus and not the plateau
modulus. The latter is reduced by 20% compared to the former due to the entanglements which are
lost due to chain contraction to the equilibrium contour length after the deformation of a melt.84 In
a network no such contraction process occurs, thus making the entanglement modulus the relevant
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parameter.
3.6 3PA: Phantom Primitive Path Analysis
A
B
C
Figure 4: Visualization of slabs of 3PA meshes for networks with with 〈NXK〉 = 10 ( A), 〈NXK〉 = 35 (B), and
〈NXK〉= 100 (C). Slabs and chain colors as in Fig. 3
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It would be natural to ask if we can estimate the cross-link contribution to the shear modulus
by performing an analysis similar to the PPA, but applied to the model networks. The theoret-
ical rational for how to formulate such an analysis is provided by the phantom network model.
The Phantom Primitive Path Analysis (3PA)48 allows us to measure the cross-link modulus by
deforming phantom meshes.
The 3PA analysis proceeds similar to PPA analysis, except that all pair interactions between
beads are switched off. The model network is cooled down to T = 0 to eliminate thermal fluctu-
ations, hence, it is converted into the mechanical equilibrium state of the corresponding phantom
model – the phantom mesh. To eliminate finite extensibility effects, we replaced FENE bonds by
harmonic bonds. Instead of analyzing the network topology, we measure the stress tensor of the
deformed phantom meshes. Since thermal fluctuations in the phantom model are strain indepen-
dent, they do not contribute to the stress. Hence, the stress-strain behaviour of the phantom mesh
is sufficient to estimate the cross-link contribution to the network modulus.
The theoretical derivation of the phantom model assumes a local tree-like structure of the net-
work.21,60 Recently, there has been several studies of the effect of loops on the phantom modulus
estimate, see e.g. Refs.56–59. The phantom modulus estimate based on a network analysis ex-
cludes such loop contributions, however, since the 3PA analysis exactly generates deformed phan-
tom model ground states for our actual network structures, the 3PA modulus estimate does include
loop contributions.
Since the 3PA force field differs from the KG force field, the 3PA stress has to be converted
to an equivalent KG stress value.48 Recall the expression for the entropic stress tensor of a single
polymer strand (see Eq. (4.129) in Ref.84):
σKG =−3kB T
NK l2K
R⊗R , (28)
where R is the strand end-to-end vector. Whereas, in the mechanical equilibrium state the same
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network strand has a virial stress:
σ3PA =−k
3PA
Nb
R⊗R , (29)
where k3PA is the spring constant used in 3PA simulations, which was chosen arbitrarily as k3PA =
100ε σ−2, and Nb is number of beads in the strand. Eliminating tensor RR from Eqs. (28), (29)
and converting from Kuhn to bead units as NK l2K =C∞Nb l
2
b , one obtains:
σKG = σ3PA
3kB T
k3PA lb lK
, (30)
here lb is KG bond length, C∞ is polymer specific characteristic ratio (see Sect. 3.2).
Compared to generation of stress-strain data for the full KG networks, the 3PA analysis pro-
vides the cross-link moduli with much less computational effort, since the method requires only a
single energy minimization. Visualization of some of the resulting phantom meshes are shown in
Fig. 4. We observe that all strands forms straight lines connecting cross-links, and each cross-link
position is determined by the force balance of all connected strands. We observe a more and more
dense mesh as the density of cross-links increase, in particular, we note the qualitative similarity
between the phantom mesh with NXK = 35 and the primitive path mesh shown in Fig. 3A.
4 Results and discussion
In the present section, we show the results of the analysis of the our stress-strain simulation data
within the scope of the MR model [Sect. 4.1]. Next, we show the results of the PPA methods, com-
pare estimations of the shear modulus given by two different methods and discuss the microscopic
origin of the MR model parameters [Sect. 4.2]. Finally, we fit microscopic elasticity models to our
simulation stress-strain data, using either the full range of the simulation data or that range, where
finite extensibility effects are expected to be negligible [Sect. 4.3].
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4.1 MR analysis
A
B
C
Figure 5: A: Mooney-Rivlin plot of the reduced normal tension σ˜N vs. the inverse elongation λ−1. Black solid lines
denote linear fits of the stress-strain data. B: Normalized Mooney-Rivlin plot, where the stress data are normalized by
the shear modulus estimates. Grey thick dashed lines define the triangle, showing the cross-over from the cross-link
to the entanglement dominated stress-strain behaviour in accordance with the MR model. C: Experimental data for
PDMS, shown in the normalized Mooney-Rivlin representation.
Fig. 5A shows stress data on uniaxial stretching simulations of our model networks in Mooney-
Rivlin representation. Each data point is the result of the extrapolation procedure to infinite time
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presented in Sect. 3.4. The stress response increases with increasing cross-link density. Moreover,
a stress upturn is observed for large deformations, which is due to finite extensibility effects. We
read off the elongations λMRmax, where the stress upturn starts. The results are summarized in Ta-
ble 1. For the data where the finite extensibility effects are negligible, we observe a linear relation
between the reduced normal tension σ˜N and the inverse elongation λ−1 as predicted by the MR
model (4). This allowed us to perform linear fitting to the stress-strain data. To avoid finite extensi-
bility effects, only the data with ε < εMRmax/2 were fitted, where ε = λ −1 is deformation, εMRmax is the
deformation, corresponding to the stress upturn. We have performed the present MR analysis and
model fits below for several criteria, gauging which data points are affected by finite extensibility
effects. Including too few data points causes statistical uncertainties in the fits, while including too
many data points cause finite-extensibility artifacts. We choose the criterion ε < εMRmax/2, since it
was observed to produce both robust and accurate fit results. The black lines in Fig. 5A illustrate
that range of the data, and the coloured symbols in Fig. 9 justify our choice. We observe linear
behaviour in the former and an excellent collapse in the latter, hence showing that finite extensi-
bility effects are not expected to influence our conclusions. The statistical errors of the measured
stress-strain data were accounted for when performing the fits, though the error bars are compara-
ble to or smaller than the symbols. According to Eq. (4), extrapolation of the linear fitting function
towards λ−1→ 1 provides an estimate for the shear modulus GMR, whereas extrapolation towards
λ−1→ 0 gives estimate for the C1 model parameter. The resulting values for C1, C2 and GMR are
presented in Table 1.
Fig. 5B shows the simulation data in a reduced Mooney-Rivlin representation, where the data
is normalized by the shear moduli estimates obtained via the MR analysis. In this representation,
all stress-strain data are enclosed by the triangular domain (0; 0), (0; 1), (1; 1) (shown as the grey
dashed line). This allows one to directly visually gauge the relative importance of the C1, C2
contributions to the shear modulus. Horizontal stress-strain data are dominated by the C1 term,
wheras diagonal stress-strain data would be dominated by the C2 term. The middle dashed line
corresponds to an even balance between the C1 and C2 contributions. It is clearly seen that our
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the most strongly cross-linked model network with 4 cross-links between each entanglement on
average is mostly dominated by the C1 term. The C2 term contribution progressively increases
for weaker cross-linked networks. The stress-strain data for the end-linked network is below the
middle line, indicating that the C2 term is slightly larger than the C1 term in this case. The end-
linked network has on average 56 entanglements between cross-links and is completely dominated
by entanglements effects.
Fig. 5C shows experimental data for PDMS53,85,86 also in the normalized Mooney-Rivlin form.
The experimental papers provide no estimates for the strand length after cross-linking. However,
since the networks were formed via end-linking, we expect the network strand lengths to be com-
parable to the chain length of the precursor melt. The precursor melt used by Kawamura et al.53
had chains of 150 Kuhn segments, while Xu et al.86 used a precursor melt with 42− 68 Kuhn
segments. Consequently, the resulting experimental results are expected to be in the entanglement
dominated regime. No special attempts to find or select experimental data matching our model net-
works have been made. Nevertheless, we observe that the experimental data roughly falls into the
same triangular region as our simulation data. This suggests that the range of network cross-links
density we have used is relevant for comparison to experimental data and the conclusions, which
we draw based on our model networks, are applicable to the experimental systems. Additionally,
the reliability of the MR model for the description of uniaxial stretching of rubbery materials is
justified. We note some scatter for small deformations (data of Kawamura et al.53). The Mooney-
Rivlin representation of the stress-strain data significantly amplifies any experimental error close to
the unstrained state, since it is difficult to measure small stresses precisely as well as to determine
the length of the sample exactly in the vicinity of the unstrained state. For comparison, elonga-
tion of model networks is exactly defined in our simulations, but we have a significantly reduced
signal-to-noise ratio for stresses at small deformations.
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Table 1: Network characterization. Fraction of ”good” strands αgoodS ; the phantom network model estimates for the
cross-link modulus Gph, Eq. (6); estimates of the cross-link modulus GX obtained via the 3PA analysis; elongation
values λMRmax at the upturn of the stress data in the Mooney represenation (plot in Fig. 5A); estimates of the MR model
parameters CMR1 , C
MR
2 and the shear modulus G
MR obtained by means of the MR analysis of the simulation data;
estimates of the shear modulus provided by the PPA methods GX +GE . EL stands for ”end-linked”. For comparison,
the entanglement modulus of the precursor melt is GE = 0.226MPa.
NXK αgoodS G
ph [MPa] GX [MPa] λMRmax CMR1 [MPa] C
MR
2 [MPa] G
MR [MPa] GX +GE [MPa]
10 0.8648 0.2980 0.3154 1.8 0.2846 −0.0007 0.5677±0.0209 0.5418
20 0.8611 0.1410 0.1443 2.2 0.1415 0.0614 0.4058±0.0247 0.3707
35 0.8582 0.0795 0.0793 3.0 0.1006 0.0710 0.3433±0.0035 0.3057
50 0.8539 0.0549 0.0545 3.3 0.0856 0.0734 0.3181±0.0050 0.2809
75 0.8496 0.0359 0.0344 4.0 0.0723 0.0778 0.3002±0.0024 0.2608
100 0.8485 0.0268 0.0254 4.4 0.0667 0.0800 0.2932±0.0042 0.2519
EL 0.8321 0.0013 0.0010 5.6 0.0513 0.0857 0.2739±0.0039 0.2275
Figure 6: Mooney-Rivlin plot of the 3PA reduced normal tension σ˜XN . Lines are parameter free predictions of the
phantom network model, Eq. (6), using as input the data from the network characterization, see Sect. 3.3.
4.2 PPA and 3PA analysis
To complement the MR analysis, we performed PPA analysis of the precursor melt and 3PA anal-
ysis of the deformed model networks. PPA analysis of the precursor melt provides an estimate of
NEK ≈ 33.1. Using the mapping from PDMS-KG model to SI units, see Sect. 3.2, we calculate the
entanglement modulus GE = 0.23MPa, which is in a good agreement with the literature values of
NEK = 31.1 and GE = 0.25MPa.74 Comparing the MR modulus estimate of the end-linked net-
work to the entanglement modulus, we obtain fairly good agreement GMR(EL)/GE ≈ 1.2, which
is discussed below.
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Figure 7: Comparison of the shear moduli estimates from the MR analysis, GMR (blue markers), and from the Primi-
tive Path methods: the cross-link modulus GX (green markers), GX +GE (orange markers). For the discussion of the
dashed and the dot-dashed lines, see the text.
Fig. 6 shows Mooney-Rivlin representation of the stress-strain data provided by 3PA analysis
of the deformed networks. The phantom network model predicts that the reduced stress is indepen-
dent of elongation, and this is in excellent agreement with the results of the 3PA analysis. From the
reduced stress plateaus, one can directly read off the cross-link modulus GX . For comparison, the
figure also shows parameter free predictions of Gph (Eq. (6)). To evaluate Gph, we used the densi-
ties of good strands and cross-links obtained from the network analysis, see Eq. 6. We observe that
phantom model estimates are in excellent agreement with the 3PA analysis results. 3PA method
implements Hamiltonian of the phantom network model exactly for a given network, hence, the
resulting cross-link modulus estimate GX is completely independent of any assumptions used to
derive the phantom network modulus Eqs. (6, 7). Numerical values of the moduli Gph and GX are
summarized in Table 1. We note that loop contributions57,58 to the modulus are only presented in
GX . Perhaps, this is why GX is slightly larger than the corresponding phantom modulus for the
most cross-linked network.
Having obtained model independent estimates of the cross-link moduli of all networks and
the entanglement modulus of the precursor melt, one can ask how they are related to the network
33
Figure 8: Identification of the MR modulus contributions 2C1, 2C2 in relation to the entanglement modulus GE as
function of the network structure. The bottom plot shows the same data relatively to the MR estimates for the shear
modulus GMR. Blue markers denote the C1 parameter, orange markers show the C2 parameter.
structure, e.g., to the quantitative relation between entanglement and network strands. Fig. 7 shows
a Langley plot of the results of the 3PA analysis as blue symbols. The phantom network model
Eq. (7) with functionality f = 4 predicts GX/GE = 0.5NEK/NXK , whereas we observe GX/GE =
0.42NEK/NXK (dashed green line). This is perfectly consistent with the number of good strands
we obtained from the network analysis, suggesting a 15% reduction of the cross-link modulus due
to the presence of loops. We also show the linear relation G/GE = 1.10+ 0.42NEK/NXK (blue
dot-dashed line), which is observed to be in excellent agreement with the moduli obtained from
MR analysis. The choice of prefactor will be discussed below.
Many theories assume that the effects of entanglements and cross-links are additive, see e.g.
Refs.21–23,25,26. We are not aware of any theoretical arguments or proofs for why this assumption
is valid. For instance, the double tube model of Mergell and Everaers24 produces a non-additive
relation for the modulus. The predictions of the double tube model are obtained by means of a
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statistical mechanical approach based on a constraint mode Hamiltonian, and hence are thermody-
namically consistent.
Having independent estimates for the network shear modulus as well as the cross-link and the
entanglement moduli, we can test the equality between the GMR estimate on one hand and GX +GE
on the other hand. To our knowledge, this is perhaps the first time this relation has been tested di-
rectly. Fig. 7 shows the shear moduli estimates obtained via the MR model analysis as well as the
sum of cross-link and entanglement moduli. We observe that the MR modulus estimates are con-
sistent with but slightly larger than the sum. The deviation is in the range 5−20% and is decreasing
with increasing density of cross-links. We note that the statistical error of the MR shear moduli
estimates is smaller than 3%. We also emphasise that our analysis is based on the entanglement
modulus of the precursor melt, which is 20% larger than the corresponding plateau modulus, which
is often reported in the literature. Hence, a larger deviation would have been observed in the latter
case. We attribute this systematic deviation to the capture of entanglements during cross-linking.
Langley proposed that the network modulus comprised the cross-link modulus and entanglements
contribution multiplied by Langley trapping factor.87 Our results are consistent with a Langley
trapping factor Te < 0.2 essentially independent of the degree of cross-linking.
The discussion of the physical interpretation of the C1, C2 terms has a long history in the lit-
erature, see, e.g., Refs.38–40,88–90. Early on, it was recognized that the C2 term goes to zero, when
the polymer network is swollen20,91,92, and the breakdown of the neo-Hookean theory (assuming
C2 = 0) in the intermediate range of strains was attributed to entanglements.19,93,94 Moreover, the
tube theories discussed in Sect. 2.3 also suggests that the parameter C1 is related to both cross-links
and entanglements, while the parameter C2 is only related to entanglements. The notable excep-
tions being the Warner-Edwards tube theory5,24,61, which has a strain independent tube diameter
and reduces to a phantom-like stress-strain response, and the double tube model24, where the C2
term depends on both the cross-link and the entanglement moduli GX , GE . To our knowledge,
the most recent contribution to this long discussion is the paper of Schlo¨gl et al.41. The authors
performed NMR experiments on dry and swollen samples to measure critical molecular weights.
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Swelling is believed to minimize the entanglement effects, allowing the cross-link modulus to be
estimated experimentally. Moreover, the correlations between the critical molecular weights and
the MR parameters were studied. The analysis showed that C1 was related to cross-links and
entanglements, while C2 were related to entanglements only.
Fig. 8 shows the MR model parameters C1, C2 in units of the entanglement modulus. We
observe a roughly linear increase of the C1 parameter with a slope of 0.63 and a concomitant linear
decrease of the C2 parameter with a slope of −0.23 with increasing cross-link density. The former
is expected as the phantom model alone would predict 2C1/GE = GX/GE = 0.42NEK/NXK . Our
data suggest transfer of the entanglement contributions progressively from C2 to C1 as the network
is progressively cross-linked causing the increase of the slope as observed. This is similar to a
Langley trapping factor, but acting between the two MR parameters and not affecting the resulting
shear modulus. The bottom plot shows the MR model parameters C1, C2 in units of the shear
modulus GMR and, hence, how the two terms are balanced as function of network structure. In
the entanglement dominated limit NEK/NXK → 0, we observe that the entanglement modulus is
distributed 40%, 60% between the C1, C2 parameters, respectively. At the point NEK = 0.5NXK ,
the contributions are approximately equal. Finally, in the limit NEK NXK , the C2 ≈ 0 and 2C1 ≈
GMR. The fact that the network strand length NXK should be roughly twice the entanglement strand
length NEK is a consequence of the definitions of the entanglement modulus GE NEK = ρK kB T ,
and the phantom modulus 0.5GX ,NXK = ρK kB T , where the prefactor comes from the phantom
model for a 4-functional network. Hence, with these definitions NEK = 0.5NXK is required for the
entanglement and the cross-link moduli to match. Assuming entanglements are binary and, hence,
corresponding to a 4-functional cross-links, suggests that a better definition of the entanglement
modulus would be the one that includes the phantom network model prefactor, such that NEK and
NXK would be defined on an equal footing.95
Both models of Rubinstein and Panyukov21,22, the extended tube model of Kaliske and Hein-
rich23, the non-affine network model of Davidson and Goulbourne25, and the general constitutive
model of Xiang et al.26, predict that the entanglement modulus GE is a constant fraction of the C2
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parameter, see Eqs. (9, 11, 16, 19, 21), respectively. This is not consistent with the data shown in
Fig. 8. We note that the decreasing C2 parameter is predicted by the Double Tube theory24, see
Eq. (13). However, the model also predicts that both quantities 2C1, 2C2 converge to the same
value in the limit NEK/NXK → 0, which is not what we observe.
4.3 Comparison of microscopic models
In Sect. 4.2, we presented our results for the cross-link and entanglement moduli, and qualitatively
discussed their relations to the total shear modulus as well as to the MR parameters.
Many theories predict a universal form of the stress-strain relation, when subtracting the cross-
link modulus from the reduced normal tension and normalizing by the entanglement modulus. In
Sect. 4.3.1, we check this assumption independently of any model.
Another interesting question is whether the microscopic models, where the entanglement and
the cross-link model fit parameters are identified with the Primitive Path estimates, are able to
predict the simulation stress-strain data. This is the most stringent consistency test possible for the
models, since there are no free parameters, and, hence, no way for a fit to hide systematic errors.
In 4.3.1, we apply this test to the stress-strain data not affected by finite extensibility effects.
For models failing such a test, one can fit the moduli prefactors and check how accurate the
models are in estimating the shear, the cross-link and entanglement moduli from the stress-strain
data. In Sect. 4.3.2, we apply this test to the models not taking finite extensbility into account,
while in Sect. 4.3.3 we perform the analysis for the models that include finite extensibility effects.
Moreover, we compare the fitted estimates for the cross-link and the entanglement moduli to the
independent benchmarks provided by the Primitive Path methods.
We emphasize that here and below GE and GX refer to the PPA estimate of the entanglement
modulus of the precursor melt and 3PA estimate of the network cross-link modulus, respectively.
We fit the models as they are formulated in Sect. 2.3. The model fit parameters are referred to as
GmodelE and G
model
X where necessary to avoid confusion. We identify the model parameters with our
moduli estimates without attempting to include any model specific prefactors or microscopic pa-
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rameters used to define the cross-link and entanglement moduli. All models that assume additivity
of the entanglement and the cross-link moduli obey GmodelX +G
model
E = 2 (C1+C2) = GMR, and in
this respect are compared to our simulation data on an equal footing.
4.3.1 Universal representation of the stress-strain data
Figure 9: Universal representation of the simulation stress-strain data along with the parameter free predictions (gray
lines) and fits of the microscopic elasticity models (black lines). Solid, large dashed and dot-dashed lines illustrate
the non-affine tube, the slip tube and the extended tube models, respectively. Correspondence of symbols colouring
and markers to the model networks is the same as in Fig. 5A, gray symbols denote stress data discarded due to finite
extensibility effects.
The non-affine tube model, the slip tube model and the extended tube model predict reduced
normal tensions in the form σ˜N(λ ) = GX +GE ϕ(λ ), where ϕ(λ ) is a model specific universal
function. Consequently, ϕ(λ ) can be isolated as:96
ϕ(λ ) =
σ˜(λ )N−GX
GE
,
independently of the network structure.
In Fig. 9, we plot the simulation stress-strain data in this reduced form using the cross-link
and the entanglement moduli provided independently by the Primitive Path methods. We observe
an excellent collapse of that range of the data, which is not affected by finite extensibility. The
most strongly cross-linked network NK = 10 does not fall on the universal curve (these data are not
shown), and small deviations are observed for NK = 20. We attribute these effects to the onset of
glassy dynamics, where entropic elasticity theory is not applicable. For the remaining data range,
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obviously, no collapse can be expected, since finite extensibility effects depend on the specific
chain length distribution of a given network.
To observe universality of experimental data, often, a theory is fitted to stress-strain data and,
afterwards, the experimental data are plotted using the fitted cross-link and the entanglement mod-
uli, see, e.g. Ref.22. This essentially forces the data to collapse around the theoretical prediction.
Here our aim is to compare the theories to our simulation stress-strain data and not vise versa. We
emphasise that the observed collapse is independent of any microscopic elasticity theory.
Having model independent estimates of the cross-link and the entanglement moduli, one can
ask whether the microscopic theories can make parameter free predictions of the simulation stress-
strain data. The gray lines show the default, parameter free predictions for the strain dependent
entanglement contributions ϕ(λ ) of the non-affine tube model, the slip tube model and the ex-
tended tube model. These predictions correspond to the naive identification of the model parame-
ters GmodelX = GX , G
model
E = GE and they are observed to be in poor agreement with the simulation
data. The models assume additivity of entanglement and cross-link effects, and hence by con-
struction fall 5− 20% short of predicting the correct shear modulus. Furthermore, the slope of
the universal functions is observed to be too large. If the models correctly predicted the shear
modulus, we could attempt to their stress-strain predictions by shifting part of the entanglement
modulus into the cross-link modulus, thereby changing the slope, while keeping the intercept at
λ = 1 fixed. The plot suggests, this is not sufficient, and both a scaling (entanglement modulus)
and a shift (cross-link modulus) should be adjusted simultaneously for the models to agree with
the simulation data.
Since the direct identification of the fit parameters of the microscopic models with the Primitive
Path estimates did not work, we approximated the collapsed stress-strain data in the universal rep-
resentation by two-parameter fits γX + γE ϕ(λ ), where ϕ(λ ) is the model specific function (shown
as the black lines) and γX , γE are prefactors given by GmodelX = γX GX , G
model
E = γE GE . As a re-
sult, we obtained an excellent agreement between the theories and the collapsed stress-strain data.
Fit qality is quantified by the reduced chi-square χ2ν , and we obtained χ2ν values 6.53, 6.66, 7.54
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for the non-affine tube, the slip tube and the extended tube models, respectively. As an empirical
parameterization of our stress-strain data, we ”recalibrated” non-affine tube model to obtain the
universal function ϕ(λ ) = 0.39+0.72/
(
λ −λ 1/2+1
)
, which is in excellent agreement with the
simulation data.
4.3.2 Fitting the data not affected by finite extensibility
A: non-affine tube model B: slip tube model
C: double tube model D: extended tube model
Figure 10: Fits of the microscopic elasticity theories to the simulation stress-strain data not affected by finite extensi-
bility. Coloured crosses located at the vertical line λ−1 = 1 indicate the MR estimates of the shear modulus.
We fit the microscopic elasticity theories that do not account for finite extensibility effects to
the corresponding stress-strain data. For the fitting, two parameters γX , γE were introduced as
multipliers of GX , GE , respectively. Fitted data are illustrated by coloured symbols, whereas gray
symbols indicate the data discarded due to significant finite extensibility effects. We chose the
non-affine tube model21, the slip tube model22, and the double tube model24, because they do not
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AB
Figure 11: Fitting parameters A: γX , B: γE . Blue, orange, green and purple symbols show the optimal values for the
non-affine tube, the slip tube, the double tube and the extended tube models, respectively.
capture finite extensibility. The extended tube model23 has two additional parameters β , which
roughly accounts for network defects, and δ for finite extensibility. We set β = 1 as our model
networks are defect free in that sense that they do not have dangling ends (see Sect. 2.3), and we
set δ = 0, since we are discarding simulation data affected by finite extensibility. The non-affine
network model of Davidson and Goulbourne25 and the general constitutive model of Xiang et al.26
were not fitted, since in the limit, where finite extensibility effects can ne neglected, the models
reduce to the non-affine tube model and to the extended tube model with δ = 0, respectively.
The model fits are shown in Fig. 10. We observe an excellent agreement with the stress-strain
data. The reduced chi-square χ2ν was 2.51, 2.70, 3.54 and 2.63 for the non-affine tube, the slip tube,
the double tube and the extended tube model fits, respectively, hence, all fits are of comparable
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quality. The fits provided new estimates for the shear modulus, which was equal to γX GX + γE GE
for the non-affine tube, the slip tube and the extended tube models and was equal to:
(
(γX GX)2+2 (γE GE)2
) (√
(γX GX)2+4 (γE GE)2
)−1/2
for the double tube model. The shear modulus estimates can be seen in Fig. 10 as intersections
of the coloured fitting curves with the vertical line x = 1. They are all observed to be in good
agreement with the MR estimates shown as big coloured crosses.
In Fig. 11, optimal values for the fit parameters γX , γE are shown. All model fits show that
γX decreases strongly with increasing cross-link density and is located within the range 2− 6 for
almost all model networks. The only exception is the end-linked network, for which we observe
that γX has huge values of the order 102. We attribute this to the tiny cross-link modulus GX of the
end-linked model network, which is used for the normalization. Consequently, though the data for
the end-linked can be fitted with high accuracy by any microscopic model, none of them provides
a reasonable accurate estimate for the cross-link modulus. At the same time, all fits are consistent
with γE in the range 0.5−1.4. The double tube model fit shows the growth of γE with increasing
cross-link density, whereas all other model fits demonstrate a roughyl constant or weakly decreas-
ing trend. Note that the fitting results of the slip tube and the non-affine models are identical. As
noted in Sect. 2.3, the slip tube model allows for the chain contour length redistribution between
parallel and perpendicular tube sections upon deformation. This is expected to important, espe-
cially for the weakly cross-linked networks. Nevertheless, this model feature seems to have no
influence on the model fit results.
The microscopic models introduce cross-link and entanglement localization effects using dif-
ferent mathematical approximations, hence, one can not expect the corresponding fit parameters to
produce exactly the same values. We observe agreement on a scaling level only with a O(1) pref-
actor. By fitting the models to the stress-strain data for completely characterized systems, where
the cross-link and entanglement moduli are known independently of any microscopic model, we
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have in essense performed a calibration of these models to a Primitive Path reference standard.
Consequently, from the fit parameters, one can attempt to estimate the correct cross-link and the
entanglement moduli as γX GX , γE GE .
4.3.3 Fitting full range of the data
A: extended tube model of Kaliske, Heinrich
B: non-affine network model of Davidson, Goulbourne
C: general constitutive model of Xiang et al.
Figure 12: Fits of the microscopic elasticity theories to the full range of the simulation stress-strain data. Coloured
crosses located at the vertical line λ−1 = 1 indicate the MR estimates of the shear modulus.
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C
Figure 13: Fitting parameters A: γX , B: γE , C: finite extensibility parameter. Purple, red and yellow symbols show the
optimal values of the fitting parameters for the extended tube model of Kaliske and Heinrich, the non-affine network
model of Davidson and Goulbourne and the general constitutive model of Xiang et al., respectively. The plot in Panel C
shows parameters responsible for the finite extensibility, α = δ
√
NEK for the extended tube model, λDGmax/λMRmax for the
Davidson and Goulbourne model, NXIAXK /NXK for the model of Xiang et al.
The KG polymer model includes finite extensibility effects due to the FENE potential used to
model the bonds. At large macroscopic deformations, the upturn of the simulation stress-strain
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data induced by finite extensibility is observed, see Fig. 5A.
In Fig. 12, we show fits of the extended tube model of Kaliske and Heinrich23, the non-affine
network model of Davidson and Goulbourne25, and the general constitutive model of Xiang et al.26
to the full range of simulation data. The fitting was performed in a similar way as in Sect. 4.3.2.
In addition to the fit parameters γX , γE , additional model specific parameters responsible for finite
extensibility were also fitted. These are δ , λmax, NXK for Kaliske and Heinrich, Davidson and
Goulbourne, Xiang et al. models, respectively. We set β = 1 for the extended tube model as
before. The resulting fits (illustrated as coloured lines) are observed to be in perfect agreement
with the simulation data. The reduced chi-square values are 2.95, 7.61 and 3.39 for the extended
tube, the non-affine network and the general constitutive models, respectively. While the model
fits are able to reproduce the stress upturn at large deformations, they also provide estimates for the
shear modulus (intersections of the coloured fitting curves with the vertical line x = 1 in Fig. 10),
which are in good quantitative agreement with the MR estimates GMR (shown as big coloured
crosses).
In Fig. 13, the fit parameters are shown. Similarly to Sect. 4.3.2, for all model fits, the value
of γX varies within the range 1.5− 6.9, it decreases with increasing cross-link density and has
a huge value of the order 102 for the end-linked model network. For the fit parameter γE , the
extended tube model fit shows a strong decrease from 0.5 down to 0.07. At the same time, both
the non-affine network model of Davidson and Goulbourne and the general constitutive model of
Xiang et al. demonstrate almost constant values of γE ≈ 0.6− 0.7. For the extended tube model,
we plot α = δ
√
NEK instead of δ . In Ref.23, the parameter α is introduced as a measure of the
network chains inextensibility, and it is claimed that α ∈ (0; 1). However, the model fit shows
that α rather varies within range 1− 3.5. For the non-affine network model, we plot the ratio
λDGmax/λMRmax. We observe that λDGmax/λMRmax ≈ 1.3 for all model networks. For the general constitutive
model, we observe that the ratio NXiangXK /〈NXK〉 is within the range 0.3−0.5. The exception is the
end-linked network, where NXiangXK /〈NXK〉 ≈ 0.04, presumably, due to large value of the average
network strand length 〈NXK〉 ≈ 1850.
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5 Conclusion
In this work, we studied the relation between the macroscopic mechanical properties and micro-
scopic structure of Kremer-Grest (KG) model polymer networks. We used a PDMS-KG polymer
model45,73 designed to match the Kuhn number of PDMS and, hence, to reproduce, e.g. the
packing length, the entanglement length and the shear modulus of PDMS. We generated well equi-
librated precursor melts, linked the chain ends and then proceeded to cross-link random bead pairs.
The resulting model networks were free of dangling ends, but contained loops mostly due to in-
tramolecular cross-linking. The networks had different number of cross-links, hence, ranging from
cross-link to entanglement dominated elastic response. We characterized the networks in terms of
strand length and cross-link functionality distributions.
We performed Molecular Dynamics simulations of uniaxial stretching of the model networks
and carefully estimated the equilibrium stresses in the deformed states to obtain stress-strain
curves. We invested in excess of 200 core years of computer time on stress relaxation of the
deformed networks states.
We applied Primitive Path methods47,48 to estimate the entanglement modulus of the precur-
sor melt and the cross-link moduli of the networks. The entanglement modulus was found to be
in a good agreement with the literature data.74 A variation of the PPA analysis named Phantom
Primitive Path Analysis (3PA)48 was presented, and we applied it to the deformed model networks
to estimate the cross-link moduli. The results turned out to be in excellent agreement with the
phantom network model estimates based on network analysis.
To estimate the shear moduli, we applied the Mooney-Rivlin (MR) model. Mooney-Rivlin
representation of the data clearly demonstrated linear dependency of the reduced normal tension
on the inverse elongation that justifies the applicability of the MR model analysis to estimation of
the network moduli.
We observed that the balance of the MR model parameters C1, C2 depends on the level of
the network cross-linking. The most strongly cross-linked network was accurately described only
by the C1 parameter. With increasing average network strand length, the influence of the C2 pa-
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rameter concomitantly increased, and, at the point NEK = 0.5NXK , the contributions of C1, C2 to
the shear modulus are approximately equal. For the most weakly cross-linked network, the rel-
ative contributions from the C1, C2 terms to the shear modulus were observed to be 40%/60%,
respectively.
We compared the MR modulus estimates with the sum of the cross-link and entanglement
moduli and observed good agreement. The MR moduli were systematically 5− 20% larger than
the sums. This partially supports the assumption often used in microscopic theories of elasticity of
polymer networks that the effects of cross-links and entanglements are additive, see e.g. Refs.21–23.
We attribute this deviation to the entanglement trapping. Langley87 proposed a trapping factor Te,
where a fraction of the entanglement modulus contribute to the total modulus of a polymer network.
Our data are consistent with a tiny trapping factor Te ≤ 0.2 independent of network structure.
Plotting the simulation stress-strain data in a universal form, i.e. subtracting the cross-link
modulus and normalizing by the entanglement modulus, we observed a collapse of the data to a
univeral curve. The collapse only occurs for stress data not affected by finite extensibility, which
is system specific. This collapse was already anticipated from several microscopic models, see
e.g. Refs.21–23,60. We note that the observed collapse is independent of any microscopic model
assumptions, since the cross-link and entanglement moduli were obtained via the Primitive Path
methods and not via fitting models to the simulation data. As a calibration standard, we obtained
an empirical estimate for the universal function of ϕ(λ ) = 0.38+0.73/
(
λ −λ 1/2+1
)
for PDMS
networks that describe our data well.
We tested the quality of parameter free predictions of the non-affine tube model21, the slip tube
model97, and the extended tube model23. For this purpose, we identified the model parameters
with the entanglement and the cross-link moduli estimates obtained by the Primitive Path methods
and compared the resulting stress-strain predictions to the simulation data. All the models failed
in description the data. Therefore, we proceeded to fit the models as well as the double tube
model24 to the simulation data, which were not affected by finite extensibility. We performed two-
parameter fitting by allowing the prefactors of the entanglement and the cross-link moduli to vary.
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We observed an excellent agreement between the resulting model fits and the stress-strain data and
obtained accurate estimates of the shear moduli. However, obtained estimates for the cross-link
and the entanglement moduli varied significantly when compared to the benchmarks provided by
the Primitive Path methods. We did not observe quantitative agreement, but the prefactors agreed
within a O(1) scaling. The entanglement prefactor γE was in the range of 0.5−1.4 and was roughly
constant for all models. On the other hand, the cross-link prefactor γX varied within the range 2−6
and showed a strong decreasing trend with increasing density of cross-links.
Finally, we fitted the extended tube model, the non-affine network model25 and the general
constitutive model26 to the full range of the simulation stress-strain data. Each model has an ad-
ditional parameter to account for finite extensibility effects, bringing the number of fit parameters
to three. We observed excellent fits including the stress upturns at large deformations due to finite
extensibility effects. Moreover, obtained estimates for the shear moduli were in close agreement
with the MR estimates. Nevertheless, the model estimates for the cross-link modulus were 1.5−7
too large compared to the estimates provided by the 3PA analysis. At the same time, the model
estimates for the entanglement modulus were within 0.5− 2 range of the PPA analysis estimate.
Again, we observed a significant decreasing trend of the cross-link prefactors γX with increasing
cross-link density. The entanglement prefactors γE were roughly constant, except for the extended
tube model, where it decreased strongly with increasing cross-link density. The finite extensibility
parameters were compared to our estimates and were observed to be O(1) and roughly constant.
The model that provided the best fit was the non-affine network model of Davidson and Goul-
bourne, it showed the smallest prefactor for the cross-link moduli, a nearly network independent
prefactor for the entanglement moduli, and also a network independent scaling factor for the finite
extensibility effects. The reduced chi-square varied from 2.5 to 7.5 for all fits and, hence, the
models describe the simulation data equally accurately. We note that, in essence, we performed
a calibration of the model parameters to an independent standard offered by the results of the
Primitive Path analysis methods applied to our model PDMS networks.
From a computational perspective, the Primitive Path methods have the advantage as computa-
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tionally they are orders of magnitude cheaper than generation of an equilibrated stress-strain data
for the MR analysis. For the latter, one needs a large number of well equilibrated deformed states
of a model network, where the data is not affected by finite extensibility effects. Moremover, time
consuming simulations are required for accurate estimation of the equilibrium stresses due to the
slow relaxation dynamics. For instance, the virial stress tensor is a strongly fluctuating quantity for
KG melts due to the hard interaction potentials. The good agreement between the MR estimates
and the Primitive Path estimates of the shear moduli suggests that the latter provide a computation-
ally effective alternative for the moduli estimation.
The present results are based only on an analysis of PDMS model KG polymer networks, which
represents a single data point in terms of entanglement length/modulus. We are currently gener-
ating networks for other polymer models and will also be cross-linking networks in the swollen
state to generalize the present results to the situation where the entanglement length also is sys-
tematically varied. We are also performing multiple mode deformations of the present networks to
provide an even more stringent test data for future theories of rubber elasticity. We hope that our
simulation data can offer a benchmark as the reference data for future development of the mod-
els that attempt to describe both entanglement and cross-link contributions to polymer network
elasticity.
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